§ 1. Introduction.
Let 5 be a compact bordered Riemann surface of genus g with k boundary components. If 2g-\-k-1^2, the automorphism group of S is a finite group. Then, we put N(g, k) the maximum order of automorphism groups of S where the maximum is taken over all S of genus g with k boundary components. It is well known that N(g, k) is equal to the maximum order of automorphism groups of compact Riemann surfaces of genus g deleted k points, and every automorphism group of S is isomorphic to that of a compact Riemann surface (Oikawa [7] ). For every k^O, N(0, k) , N(l, k), N{2, k) , N (3, k) and 7V (4, k) are determined by Heins [2] , Oikawa [7] , Tsuji [8] , Tsuji [9] and Kato [4] , respectively. In the present paper, we shall determine N (5, k) .
Theorem. JV(5, k) is
(1) 192 for k=0, 24, 64, 88 (mod 96), (2) 160 for k=0, 32 (mod40) except the case (1), (3) 120 for k=0 f 12, 40, 52 (mod60) except the cases (1), (2) , (4) 96 for £ = 16, 32, 40, 48, 56, 72 (mod 96) except the cases (2), (3), (5) 80 for k = 16 (mod40) except the cases (1), (2) , (4), (6) 64 for k=0 (mod8) except the cases (1)~(5), (7) 60 for £ΞΞ20, 32 (mod60) except the cases (1), (2) , (4)~(6), (8) 48 for k=Q, 4 (mod 12) except the cases (1)~(7), (9) 40 for k=0, 2 (mod 10) except the cases (1)~(8), (10) 32 for k~i (mod 16) except the cases (1)~(5), (7)~(9), (11) 30 for &ΞΞΞO, 2, 5, 7 (mod 15) except the cases (l)~(10), (12) 24 for k=2, 6, 10, 14, 20 (mod 24) except the cases (1)~(5), (7), ()(), (13) 22 for &ΞΞ0, 1, 2, 3 (mod 11) except the cases (1)~(12), (14) 20 for k = l y 5, 7, 11 (mod 20) except the cases (1)~(8), (10)~(13), (15) 16 for &ΞΞ2, 6 (mod 16) except the cases (1)~(5), (7)~(9), (11)~(14), (16) 15 for fe = l, 6 (mod 15) except the cases (l)~(10), (12)~(15), (17) 12 for ^ΞO, 1, 3, 4 (mod 6) except the cases (1)~(5), (7), (9)~(12), (18) 8 otherwise.
The author wishes to express his thanks to Professor N. Suita and Professor T. Kato for their many advices and encouragement. § 2. Notation.
Let S be a compact Riemann surface of genus g^2, let G be a conformal automorphism group of S and let N be the order of G. Let S o -S/G be the quotient surface with conformal structure induced from S through π, where π is the projection mapping of S onto S o . 
By Lemma 3, N(g, k)
is completely determined by the signature of automorphism groups rather than by automorphism groups themselves. We do not look for the group of maximum order for a given integer k, or rather, we look for k points to be deleted from a compact Riemann surface so that these k points are invariant by the automorphism group with given signature.
LEMMA 4. If p^S is a fixed point of some non-trivial automorphism in G, then the stabilizer subgroup of p in G is a cyclic group. Then, the order N of G must be a multiple of the order of the stabilizer subgroup of p.
Proof, An automorphism h which fixes p is expanded locally as
by a local parameter z at p. Here a is independent on the choice of local parameter. If the order of h is v, a is a primitive vth root of unity. We claim that if α = l, then h is indeed the identity automorphism. Let D={\w\ <1} be the universal covering surface of S and φ be the covering projection such that φ(0)=p. By the covering surface theory, there is an automorphism H of D such that and H fixes the origin w=0. Then H is an elliptic transformation and has the expansion
Then H is the identity. This implies that h is also the identity automorphism.
Since the set of all the automorphisms h % fixing p is a group, the set of all the leading coefficients a t of the expansions of those automorphisms also forms a group. This group of coefficients {αj is a cyclic group. By the above arguement, a t =aj implies that hι-h 3 . Thus, we conclude that the stabilizer subgroup is a cyclic group. From now on we are going to determine whether the automorphism group with a given signature exists or not on a compact Riemann surface of genus 5. By Lemma 7, it is not necessary to consider the groups of order ^8. We assume N>8. By the Riemann-Hurwitz relation we obtain g o^l , *^5. So by Lemma 5, it is enough to consider at most finite number of signatures. Among these signatures, say, (2, 3, 7) does not exist, since by Lemma 6, a cyclic group of order 7 does not exist. (2, 3, 15) also does not exist, for the order 80 is not a multiple of 3. In a similar way, using Lemmas 1, 4 and 6, we find that many signatures do not exist. Then, it is enough to consider the following signatures:
order signature § 4. The existence of hyperelliptic surfaces. (3, 3, 11) does not exist. If such a signature existed, the order of the automorphism group would be 33. Three (=33/11) fundamental regions of a Fuchsian group with signature (3, 3, 11) do not form one eleventh part of the fundamental region of any Fuchsian group since the angle at a vertex of a fundamental region must be 2π/m, where m is an integer. In the same way, we find that (2, 5, 10), (3, 3, 11) , (3, 3, 15) , (3, 5, 5) and (5, 5, 5) do not exist. Next, we show that (5, 5, 15) and (2, 2, 4, 12) do not exist. If these signatures existed, the automorphism group would be cyclic. But these signatures do not satisfy the 1. c. m. condition. Furthermore, (2, 3, 12), (2, 3, 22) and (3, 4, 12) Finally we show the non-existence of (2, 5, 6) . Suppose that the group of order 60 with signature (2, 5, 6) exists. 10 branch points of multiplicity 6 is regarded as branch points of multiplicity 3. The signature of the cyclic group generated by an automorphism of order 3 is (0 3, 3, 3, 3, 3, 3, 3) or (1 3, 3, 3, 3) . If the signature were the former, the surface would be conformally equivalent to the surface defined by y
